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We derive dynamics of the entanglement wedge cross section directly from the two-dimensional holographic
CFTs with a local operator quench. This derivation is based on the reflected entropy, a correlation measure for
mixed states. We further compare these results with the mutual information and ones for RCFTs. Our results
directly suggest the classical correlation also plays an important role in the subregion/subregion duality even for
dynamical setup. Besides a local operator quench, we study the reflected entropy in a heavy state and provide
improved bulk interpretation. We checked the above results also hold for the odd entanglement entropy, which
is another measure for mixed states related to the entanglement wedge cross section.
I. INTRODUCTION AND SUMMARY
The non-equilibrium dynamics in a given strongly coupled
system attracts a lot of attention in the physics community.
One useful tool to capture this dynamical process is the entan-
glement entropy (EE), which is defined by
S(A) = −trρA log ρA, (1)
where ρA is a reduced density matrix for a subsystem A, ob-
tained by tracing out its complement Ac. This quantity mea-
sures entanglement between subsystem A and its complement
Ac if a pure state describes the entire system. The EE also
plays a significant role in quantum gravity via the AdS/CFT
correspondence[1–4]. In particular, we expect that the dynam-
ics of the entanglement in the certain d-dimensional system is
related to the dynamics of the spacetime in d+ 1-dimensional
asymptotically AdS spacetime.
If one considers mixed states ρAB on a systemAB ≡ A∪B
and wishes to measure the correlation betweenA andB, how-
ever, we have many measures for mixed states in the literature
and no unique choice as opposed to the EE for pure states.
Therefore, from both conceptual and practical viewpoints, we
should use the one(s) which have a clear meaning in the setup
under consideration.
In this Letter, we will focus on the reflected entropy SR[5]
which has a sharp (conjectured) interpretation in the context
of AdS/CFT. We expect that
SR(A : B) = 2EW (A : B) (2)
where EW is area of the minimal cross section of the entan-
glement wedge[6, 7] dual to the reduced density matrix[8–10].
(See also [11–27] for further developments in this direction.)
We will give the definition of the reflected entropy in the next
section. This bulk object, called entanglement wedge cross
section (EWCS), is a natural generalization of the minimal
surfaces. In particular, if B = Ac and ρAB is a pure state,
EW (A : B) reduces to the area of the minimal surfaces asso-
ciated with the S(A)(= S(Ac)). In the same way, SR(A : B)
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reduces to the 2S(A) for pure states. One main motivation of
the present Letter is to understand how the reflected entropy
describes the dynamics of correlation in various setups. It will
provide us a key to understanding which kind of correlation is
important in the subregion/subregion duality.
Let us summarize the results of the present Letter. First,
we have studied the time evolution of the reflected entropy
by a local operator quench and see a perfect agreement with
the EWCS for a falling particle geometry[28]. Comparing
with the mutual information, our results directly suggest that
classical correlations are also important even in the dynami-
cal process of subregion/subregion duality. Second, we study
the reflected entropy for heavy states. Interestingly, we can
see the phase transition of the EWCS originally discussed in
[6, 7]. Our analysis leads improvement of the bulk dual of
the heavy state: we should take into account the end of the
world brane wrapping around the blackhole horizon. Note
that this is also the case for the usual EE first discussed in [29].
Third, we study the local operator quench for rational confor-
mal field theories (RCFTs) and see the agreement with the
quasi-particle picture. We should stress that the above anal-
ysis also holds for the odd entanglement entropy[23], which
is another generalization of the EE for mixed states. These
results can be achieved by using the fusion kernel approach
in two-dimensional CFT[30–32]. We will report the detail of
technical parts (for both CFT and gravity) in our upcoming
paper[33].
II. REFLECTED ENTROPY
Here we review the definition of the reflected entropy. We
consider the following mixed state,
ρAB =
∑
n
pnρ
(n)
AB , (3)
where each ρ(n)AB represents a pure state as
ρ
(n)
AB =
∑
i,j
√
linl
j
n |in〉A |in〉B 〈jn|A 〈jn|B , (4)
where |in〉A ∈ HA, |in〉B ∈ HB and lin is a positive number
such that
∑
i l
i
n = 1. The real number pn is the correspond-
ing probability associated with its appearance in the ensemble.
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FIG. 1. The path integral representation of the Renyi reflected en-
tropy (for vacuum). Edges labeled with the same number get glued
together. We can instead view it as a correlator with four twist oper-
ators
〈
σgA(u1)σg−1
A
(v1)σgB (u2)σg−1
B
(v2)
〉
CFT⊗mn
.
For this mixed state, we can provide the simplest purification
as
|√ρAB〉 =
∑
i,j,n
√
pnlinl
j
n |in〉A |in〉B |jn〉A∗ |jn〉B∗ , (5)
where |in〉A∗ ∈ H∗A and |in〉B∗ ∈ H∗B are just copies of HA
andHB . Then, the reflected entropy is defined by
SR(A : B) ≡ −trρAA∗ log ρAA∗ , (6)
where ρAA∗ is the reduced density matrix of ρAA∗BB∗ =
|√ρAB〉 〈√ρAB | after tracing overHB ⊗H∗B .
III. SETUP
Our interest in this Letter is to study a local operator quench
state [34, 35], which is created by acting a local operatorO(x)
on the vacuum in a given CFT at t = 0,
|Ψ(t)〉 =
√
N e−H−iHtO(x) |0〉 , (7)
where x represents the position of insertion of the operator, 
is a UV regularization of the local operator and N is a nor-
malization factor so that 〈Ψ(t)|Ψ(t)〉 = 1.
The reflected entropy can be evaluated in the path integral
formalism [5]. For example, the Renyi reflected entropy in the
vacuum can be computed by a path integral on m × n copies
as shown in FIG. 1. Here, we would view this manifold as a
correlator with twist operators as in the lower of FIG. 1, where
FIG. 2. We study the setup 0 < u2 < −v1 < −u1 < v2. We excite
the vacuum by acting an local operator on x = 0 at t = 0.
we define the twist operators σgA and σgB . Here, we focus on
the following mixed state,
ρAB = tr(AB)c |Ψ(t)〉 〈Ψ(t)| , (8)
where Ψ(t) is a time-dependent pure state as |Ψ(t)〉 =√N e−H−iHtO(0) |0〉. Then, in a similar manner to the
method in [34], the replica partition function in this state can
be obtained by a correlator as
1
1− n log
〈
σgA(u1)σg−1A
(v1)O
⊗mn(w1, w¯1)(〈
σgm(u1)σg−1m (v1)O
⊗m(w1, w¯1)
O⊗mn†(w2, w¯2)σgB (u2)σg−1B (v2)
〉
CFT⊗mn
O⊗m†(w2, w¯2)σgm(u2)σg−1m (v2)
〉
CFT⊗m
)n ,
(9)
where we abbreviate V (z, z¯) ≡ V (z) if z ∈ R and the opera-
tors O are inserted at
w1 = t+ i, w¯1 = −t+ i, w2 = t− i, w¯2 = −t− i.
(10)
The twist operator σgm is just the usual twist operator σm
based on the m-cyclic permutation group, which has the con-
formal dimension hσgm =
c
24
(
m− 1m
)
(≡ hm). To avoid
unnecessary technicalities, we do not show the precise defini-
tion of the twist operators σgA and σgB (which can be found in
[5]) because in this Letter, we only use the scaling dimension
of the twist operators,
hσgA = hσg−1
A
= hσgB = hσg−1
B
=
cn
24
(
m− 1
m
)
(= nhm),
hσ
g
−1
A
gB
= hσ
g
−1
B
gA
=
c
12
(
n− 1
n
)
(= 2hn).
(11)
Here O⊗N ≡ O ⊗ O ⊗ · · · ⊗ O is an abbreviation of the op-
erator on N copies of CFT (CFT⊗N ). We will take n,m→ 1
limit so that the (9) reduces to the original reflected entropy.
The denominator in (9) corresponds to the entanglement en-
tropy after a local quench.
IV. HOLOGRAPHIC CFT
As a concrete example, we consider the setup described in
FIG. 2. Namely, we set our subregion A = [u1, v1], B =
[u2, v2] and assume 0 <  t < u2 < −v1 < −u1 < v2.
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FIG. 3. Reflected entropy (blue) and mutual information (yellow)
for a state locally quenched outside two intervals. Here we have
set (u1, v1, u2, v2) = (−10,−3, 1, 20),  = 10−3, γ = 2 and we
remove the prefactor c
6
. Each blue dot shows a transition of itself or
its first derivative.
In this setup, we can summarize our results as follows: For
t < −v1 or −u1 < t, we have
SR(A : B)[O] =
c
6
log
1 +
√
x
1−√x +
c
6
log
1 +
√
x¯
1−√x¯ , (12)
where (x, x¯) is given by
(x, x¯) =
(
(v1−u1)(v2−u2)
(u2−u1)(v2−v1) ,
(v1−u1)(v2−u2)
(u2−u1)(v2−v1)
)
, (t < u2),(
(v1−u1)(v2−t)
(t−u1)(v2−v1)
(v1−u1)(v2−u2)
(u2−u1)(v2−v1)
)
, (u2 < t <
√−v1u2),(
(v1−u1)(v2+t)
(u1+t)(v1−v2) ,
(v1−u1)(v2−u2)
(u2−u1)(v2−v1)
)
, (
√−v1u2 < t < −v1),(
(v1−u1)(t+u2)
(u2−u1)(t+v1) ,
(v1−u1)(v2−u2)
(u2−u1)(v2−v1)
)
, (−u1 < t <
√−u1v2),(
(v1−u1)(t−u2)
(u2−u1)(t−v1) ,
(v1−u1)(v2−u2)
(u2−u1)(v2−v1)
)
, (
√−u1v2 < t < v2),(
(v1−u1)(v2−u2)
(u2−u1)(v2−v1) ,
(v1−u1)(v2−u2)
(u2−u1)(v2−v1)
)
, (v2 < t).
(13)
On the other hand, for −v1 < t < −u1, we have obtained
SR(A : B)[O] =
c
6
log
[
4(t+ u1)(t+ u2)(t+ v1)(t+ v2)
2(u2 − v1)(u1 − v2)(
sinhpiγ¯
γ¯
)2]
+
c
6
log
1 +
√
(v1−u1)(v2−u2)
(u2−u1)(v2−v1)
1−
√
(v1−u1)(v2−u2)
(u2−u1)(v2−v1)
.
(14)
Here we defined γ =
√
24
c hO − 1 and γ¯ =
√
24
c h¯O − 1,
where hO (h¯O) are the conformal dimension of the opera-
tor O. The above results are perfectly consistent with the
EWCS in the falling particle geometry[33]. Several argu-
ments on the above results are below in order. In FIG. 3, we
show the time-dependence of reflected entropy and mutual in-
formation in the present setup. An important difference be-
tween mutual information and reflected entropy can be found
at t =
√−u2v1,
√−u1v2, the mutual information is continu-
ous, on the other hand, the reflected entropy is discontinuous.
To make it clear, we zoom into early time region in the right
of the figure. In the lower two plots, we show the difference
between the local quench state and the vacuum state,
∆SR(A : B) = SR(A : B)[O]− SR(A : B)[I], (15)
∆I(A : B) = I(A : B)[O]− I(A : B)[I], (16)
which measure a growth of correlations after a local quench.
In fact, they behave very similarly, but interestingly, we find
the following inequalities for the mutual information and re-
flected entropy, ∆SR(A : B) ≥ ∆I(A : B), if t /∈ [−v1,−u1],∆SR(A : B) ≤ ∆I(A : B), if t ∈ [−v1,−u1]. (17)
It implies that the reflected entropy measure the dynamics of
the correlations in a quite different way from the mutual in-
formation. And this inequalities might be a key to under-
standing what correlations are measured by reflected entropy
from the physical view point. Possibly, it might be inter-
preted in the following. The growth in t ∈ [−v1,−u1] is
strongly caused by the quantum correlations, on the other
hand, it would be expected that in t /∈ [−v1,−u1], the ex-
citation changes both quantum correlations and classical cor-
relations in a similar manner. The point is that in the holo-
graphic CFT, the mutual information probes quantum corre-
lations more purely than the reflected entropy. Therefore, the
quantum correlations in t ∈ [−v1,−u1] compared with the
classical correlations result in the large growth of the mutual
information, thus we obtain ∆SR(A : B) ≤ ∆I(A : B),
while in t /∈ [−v1,−u1], the change of the quantum corre-
lations are not larger than the classical correlations enough
to satisfy ∆SR(A : B) ≤ ∆I(A : B). This implies the
classical correlation also plays an important role in the subre-
gion/subregion duality (even for dynamical setup).
It would be worth mentioning that in the nontrivial time re-
gion t ∈ [u2, v2], there are two phases as shown in the figure.
The remarkable features in each phase is as follows:
• t ∈ [u2,−v1] ∪ [−u1, v2]
The reflected entropy is independent of the conformal
dimension hO and does not include high energy scale
(the UV cutoff parameter ).
• t ∈ [−v1,−u1]
The reflected entropy depends on the conformal dimen-
sion hO and includes high energy scale.
It means that when the left or right moving excitation enters
one interval, the excitation affects the reflected entropy but its
effect is not so strong, on the other hand, if both left and right
moving excitations enter two intervals, then the reflected en-
tropy becomes much larger than that for the vacuum. This
strong effect comes from the entanglement between two in-
tervals, which is created by the excitation. However, we do
not have any clear explanation of the small effect found in
4transition
FIG. 4. The non-trivial entanglement wedge cross section in the BTZ
background has two candidates. We can see this transition from the
evaluation of (18).
t /∈ [−v1,−u1]. As we will see later, this small effect does
not appear in RCFTs.
Since our analysis in CFT is consistent with the entan-
glement wedge cross section, we can relate the above dis-
cussion to original conjecture, the holographic entanglement
of purification (EoP) EP (A : B)[6, 7]. In particular, the
EoP is more sensitive to the classical correlation than the re-
flected entropy, thus the importance of classical correlation
becomes more remarkable. (For example, we have the lower
bound of EoP for any states EP (A : B) ≥ I(A : B)/2,
whereas we have the stronger lower bound for separable states
EP (A : B) ≥ I(A : B)[36]. )
V. HEAVY STATE
We consider a CFT on a circle with length L. Then, the
reflected entropy for a heavy state can be obtained from
1
1− n log
〈
O⊗mn|σgA(u1)σg−1A (v1)(〈
O⊗m|σgm(u1)σg−1m (v1)
σgB (u2)σg−1B
(v2)|O⊗mn
〉
CFT⊗mn
σgm(u2)σg−1m (v2)|O⊗m
〉
CFT⊗m
)n . (18)
Here, this correlator is defined on a cylinder. This can be
mapped to the plane (z, z¯) by
z = e
2piiw
L , z¯ = e−
2piiw
L . (19)
For a sufficiently large subsystem, we have obtained
SR(A : B) =
c
6
log
(
coth
piγ(u2 − v1)
2L
)
+
c
6
log
(
coth
piγ¯(v2 − u1)
2L
)
. (20)
This result perfectly matches the entanglement wedge cross
section in the BTZ metric [6], namely the cross section de-
scribed in the right panel of the FIG. 4. It means that the
thermalization in the large c limit [37–41] can also be found
in the reflected entropy. (For a sufficiently small subsystem,
we can also obtain one for left panel of the same figure. )
Our result also answers the interesting question, what is the
bulk dual of our quench state. We show that the surface ends
at the horizon of the black hole. This can be explained by
considering the horizon as an end of the world brane [42–44].
In this case, the surface can end at the horizon even if we
consider a pure state black hole. We have to mention that this
idea should be also applied to the EE in a heavy state because
the reflected entropy (20) should reproduces the double of the
EE in the pure state limit. Note that the pure state limit of the
(20) does not match the result in [29]. This is because their
derivation implicitly assumes that the change of the dominant
channel (i.e., the transition shown in FIG. 4) does not happen.
However, the result under such an assumption contradicts the
pure state limit, and basically there is no reason to remove the
possibility of the transition even in the EE. It is also important
to note that this disconnected phase can never dominate at the
→ 0 limit in the previous section.
VI. RCFT
It is very interesting to compare our result to the dynamics
of the reflected entropy in other CFTs, especially RCFTs.
If we consider the setup ( 0 <  u2 < −v1 < −u1 < v2
and O is acted on x = 0 at t = 0.) for example, we obtain
∆SR(A : B)[O] =

0, if t < −v1,
2 log dO, if − v1 < t < −u1,
0, if − u1 < t,
(21)
where dO is a constant, so-called quantum dimension, which
is re-expressed in terms of the modular S matrix as [45, 46]
dO =
S0O
S00
. (22)
One can find two significant differences from FIG.5,
• The small effect in t ∈ [u2,−v1] ∪ [−u1, v2] does not
appear in RCFTs, unlike the holographic CFT.
• The holographic CFT shows the logarithmic growth in
t ∈ [−v1,−u1], on the other hand, the growth of RCFT
approaches a finite constant.
It would be interesting to note that this growth pattern (21)
is exactly the same as that of the mutual information, which is
quite natural for RCFTs because the quasi particle picture can
be applied in any time region.
VII. DISCUSSION
One can reproduce the above results from the odd entangle-
ment entropy[23], which is defined by
So(A : B) ≡ lim
no→1
1
1− no
[
tr
(
ρTBAB
)no − 1], (23)
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FIG. 5. The growth of reflected entropy in holographic CFT
(blue) and Ising model (yellow). ∆SR means the difference be-
tween the excited state and the vacuum state. Here (u1, v1, u2, v2) =
(−20,−1, 3, 10),  = 10−3 and we divide them by c
6
. We choose
γ = 2 in holographic CFT and O = σ in Ising model. Each blue dot
shows a transition of itself or its first derivative.
where ρAB is a reduced density matrix for subsystems A and
B, obtained by tracing out its complement. The limit no → 1
is the analytic continuation of an odd integer and TB is the
partial transposition with respect to the subsystem B. The
odd EE for holographic CFT is expected to have the following
relation,
So(A : B)− S(AB) = EW (A : B). (24)
Indeed, one can replace SR(A : B) with 2(So(A : B) −
S(AB)) for the above results (In fact, this is also the case for
RCFTs). This coincidence can happen because we are con-
sidering large c limit and/or Regge limit which give us quite
universal consequences. In more general parameter regimes,
these two quantities should behave differently. It is very inter-
esting to study further such regimes.
Interestingly, we can also discuss the non-perturbative
quantum correction of the reflected entropy (and odd entropy)
by using the Virasoro conformal block before taking the large
c expansion. We have observed that this correction is al-
ways negative. This is quite natural because the discontinu-
ous transition between connected and disconnected entangle-
ment wedge should become smooth once we go to the finite c
regime. We will describe the detail of this point in the upcom-
ing paper[33].
Finally, there are several interesting future directions which
can be accomplished in a similar manner. For example, it
would be interesting to understand a relation to negativity
[20], to study dynamics in other irrational CFTs [47, 48], to in-
vestigate information spreading by using the reflected entropy
[49], and evaluate the Renyi reflected entropy, in particular, its
replica transition [30, 32, 50].
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